Corrosion of steel in reinforced and prestressed concrete beams is very common for structures and infrastructures. It can drastically reduce the resisting section of rebar, modify the mechanical response of the steel rebar, and also determine cracking of the surrounding concrete because of the volume expansion effect of rust. Moreover, it heavily influences the bond between steel rebar and concrete. Few experimental tests are available in the literature, where the structural behavior of reinforced and prestressed concrete beams, in presence of corrosion of longitudinal and transversal reinforcement, is analyzed. A reduction of the bearing performance is observed with an increasing level of rebar corrosion. Indeed, a changing collapse mechanism is evidenced through the tests and may be addressed to the not obvious consequences of corrosion. In this paper, a physical model based on a consistent equilibrium and ultimate strength theory is employed in order to explain the residual capacity of corroded beams. e model is based on limit analysis, and it is able to take into account the interaction between shear, bending moment, and axial forces.
Introduction
e corrosion damage is actually one of the most problematic issues both for reinforced concrete (RC) and prestressed concrete (PC) structures. It is quite common to have concrete structures affected by corrosion especially if the structures have far exceeded their service lifetime unless the use of special precautions as stainless steel, protective coatings, or nonmetallic reinforcing elements.
is phenomenon may be due to chloride concentrations around the rebar and/or the carbonation of concrete cover for ordinary reinforcement or stress corrosion due to hydrogen embrittlement. e poor grouting of tendons for prestressing steel, other than the presence of specific corrosive chemical agents, can induce the reinforcement cross section loss.
Different issues can be addressed to corrosion of steel reinforcement in concrete: the reduction of the cross section of rebar together with the yielding and ultimate strength level and ductility of steel in the residual cross section, the loss of bond between steel and concrete, and the loss of bearing capacity of cracked concrete around corroding steel, due to the expansion of the oxides, other than as an extreme consequence the spalling and delamination of the cover [1] [2] [3] . ese effects are responsible for the reduction of the performance of both RC and PC structures in service other than at ultimate conditions.
For RC structures, the corrosion action is evidenced by the rust stains on the external surface of the structure, but this scenario is so common that may be considered normal and so a lack of control is possible. On the contrary, for PC structures, some events of collapse appeared [4, 5] without any warning suggesting a much more critical issue.
An extensive literature on the structural behavior of corroded RC elements is available [6] [7] [8] [9] and a series of mechanical models using the finite element method (FEM) was developed in order to simulate the effects of this degradation mechanism [10] [11] [12] . Some experimental researches and models were investigated and developed respectively also for PC structures [13] [14] [15] , even if for PC structures a systematic study is still not available.
Some advices on the structural response of corroded rebar were summarized by Cairns et al. [16] where a dataset collection was obtained also from previous experimental campaigns. e structural effects were strictly connected to the spatial distribution and the entity of corrosion attack on the bar.
In case of prestressed steel reinforcement, the tendency is to consider the total lack of the strand or wire and to work on the possible bond effect due to the grout [17] .
In structures with ordinary reinforcement, the bond strength reduction between steel and concrete, for corrosion levels higher than 1.5/2% of mass loss, can influence the structural behavior, especially in presence of a low amount of confinement. is is the case of existing structures where detailing to enhance ductility and anchorage performance was not completely adequate. In fact, longitudinal cracking caused by corrosion and the progressive loss of confinement exerted by concrete is responsible for a change of behavior for anchorages and overlapping zones and more in general for the transfer mechanism of stresses [16] , further exalted if a mechanical action is present [18] .
e cracking of concrete, caused by the expansive nature of the oxides, generates a loss of bearing capacity of concrete that could determine negligible effects for tensile zone but substantial impact in compression zone.
e presence of corrosion, generally, reduces the load bearing capacity and ductility of RC beams. Shear strength is affected by corrosion particularly when stirrups reinforcing area is reduced as reported in Kahn et al. [19] and El-Sayed [20] and highlighted in fib bulletin 10 (bond of reinforcement in concrete) [21] . However, in absence of shear reinforcement as for slabs, when corrosion takes place and a substantial change in failure mechanism takes place after longitudinal splitting, an increase in both structural capacity and ductility could be registered [22] . is is mainly due to an arch-tie action that could enhance the structural performance of the RC element.
In general, the consequences of corrosion attacks, other than determining a safety reduction, can bring to a change in failure mechanism passing through ductile (bending) to brittle (shear) [6] just because the stirrups are the most external steel elements and are affected by corrosion penetration before than longitudinal steel (both ordinary or prestressing).
A number of refined FEMs were employed to simulate the experimental tests [10, 13] . In this scenario, an analytical model able to capture the actual bearing capacity of corroded RC and PC structures, but also the interaction between failure modes, could be useful. Furthermore, considering the scatter of the corrosion phenomena, an analytical model could represent a more effective tool to check the residual strength of large set of elements of structures and infrastructures.
Description of the Theoretical Model
Many contributions are present in the literature about the interaction between axial force, bending, and shear. ey usually are based on the two following different approaches: empirical and theoretical.
e formulations of the first group are founded on a large number of test results carried out on RC members, and they try to provide handy equations for designers.
By contrast, some models, part of the second group, start from the theory of the stress fields and propose formulations that are valid in wide ranges of input parameters, taking into account the interaction between forces (shear, bending moment, and axial force).
In this work, a sectional model belonging to the theoretical group of formulations, originally proposed by Recupero et al. [23] , and widely validated [24] against several test results on columns and beams having circular cross section [24] as well as being used for design [25] , was adapted to provide the axial force-shear-flexure strength of specimens under corrosion effects. It allows to consider the simultaneous action of bending moment and shear force on the beam, for an assigned value of axial force. e adopted procedure for the shear-flexure strength evaluation consists of dividing the cross section of the beam into layers of depth y i not known a priori, and subjected to both uniform normal σ i and shear τ stress distributions to ensure the equilibrium with the actions N, M, and V.
e cross section of the beam was divided into three concrete layers having areas S c1 , S c2 , and S c3 , while the longitudinal rebars were modeled as point elements grouped into two steel layers (top and bottom), which have areas S s1 and S s2 , respectively (Figure 1(c) ).
With reference to the concrete element in Figure 1 (a), obtained by a cut with a plane inclined as the web concrete stress field at the abscissa z + Δz, the equilibrium equation along the vertical (y) direction can be written as follows:
where V * is the shear force at the abscissa z; q is the distributed vertical load; σ sw is the axial stress on the steel stirrups; and A p , σ p , and ε are area, axial stress, and slope, respectively, of the equivalent tendon.
Considering a new column segment obtained by cutting the element with a section plane orthogonal to the beam axis at the abscissa z and z + Δz (Figure 1(b) ), an equilibrium equation of the piece of beam in the y direction is as follows:
where σ cw is the concrete stress in the S c3 region. Furthermore, the equilibrium equations between the internal and the external forces are as follows:
where σ ci , (σ p0 + Δσ p ), and σ si are the axial stress of the chord concrete, equivalent tendon, and steel rebar related to the ith layer, respectively; C i , F p , and F i the resultant forces in the concrete, equivalent tendon, and the steel rebar related to the ith layer, respectively; and y c , y p , and y si are the lever arms calculated from the centroid of the cross section. e crisis of the beam may occur either by concrete crushing or by transversal reinforcements yielding. Using the nominal values for the steel yielding f ym and for the concrete compression strength f cm , the terms related to the areas S c1 , S c2 , and S c3 are functions of the depth of the layers y 1 , y 2 , and y 3 , which may vary according to the following geometrical and static conditions:
e e ectiveness factor η, introduced to take into account the degradation of axial compressive strength of concrete strut due to the transversal tensile strain, was assumed equal to 1/2 [26] .
e best outcome of the mathematical model was given by a linear programming method that allows to evaluate both the depth of the layers (y 1 , y 2 , y 3 ), the cot θ, and all stresses (σ ci , Δσ p , σ si ), by maximizing the element resisting actions in the respect of the ultimate boundary conditions of material strength and the geometrical restrains of the layer sizes. 
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Upgrading of the Model to the Case of Corroded RC and PC Beams
e previous described model was modified according to the effect of corrosion both on concrete and steel. With this purpose, the degradation of the bearing capacity of cracked concrete near a corroding rebar was modeled following the strategy suggested by Coronelli and Gambarova [10] .
In detail, the cylindrical compressive strength of concrete may be evaluated by means of the following:
where K is the coefficient related to bar roughness and diameter assumed equal to 0.1, ε c0 is the strain at the peak compressive stress f cm , and ε 1 is the average tensile strain in the cracked concrete at right angles to the direction of the applied compression. e value ε 1 can be evaluated by means of the following equation:
where b w is the section width without corrosion crack and b f is the increased width when corrosion cracks occur. In order to give an estimation of the increase, the following equation could be used:
where n bars is the number of bars in the compressed layer and w cr is the total crack width for a given corrosion level that can be evaluated [27] :
where u rs is the ratio volumetric expansion of the oxides, X is the corrosion depth, and u i,corr is the opening of the single crack. According to Molina et al. [27] , u rs was taken equal to 2. e stress-strain law for corroded steel was modified as suggested by Cairns et al. [16] . e equations are here reported and used in the model:
where f y , f u , and ε u represent yield strength, ultimate tensile strength, and elongation corresponding to ultimate strength after corrosion; f y0 , f u0 , and ε 0 represent yield strength, ultimate strength, and elongation of the noncorroded bar, respectively; and Q corr is the corrosion degree whereas α y � 0.017, α u � 0.018, and α 1 � 0.06 are empirical coefficients [16] .
Validation of the Theoretical Model with Experimental Results
e ability of the adapted model to reproduce the behavior response of corroded RC and PC beams under transversal loads was validated by comparing the numerical results to the strength values obtained by means of failure tests performed on many specimens having different geometrical setup and subjected to corrosion, available in the literature [6] [7] [8] 28] .
In the following, the tests reported in the literature used for the validation are introduced and described.
RC Corroded Specimens.
In the literature, several test campaigns carried out on corroded beams are available. Unfortunately, most of them are on structural elements which fail in pure bending. e database of experimental tests on corroded beams herein collected contains also specimens that reached a brittle failure for shear.
In Figure 2 , the geometry, reinforcement arrangement, and location of corrosion for the specimens tested by (a) Rodriguez et al. [6] , (b) El Maaddawy et al. [7] , (c) Zhu and François [8] , and (d) Youn and Kim [14] are shown. e corroded reinforcement is highlighted with a brownish color and with a different thickness.
Rodriguez et al.
e test results presented by Rodriguez et al. [6] were carried out on specimens subjected to electrochemical corrosion to study the structural behavior of structural elements with corroded rebars. e beams, having dimensions 150 × 200 × 2300 mm, were designed with high longitudinal reinforcement ratio (4ϕ12 for tensile and 4ϕ8 for compressive) and with stirrup space close to d/2 (ϕ6/85 mm), d being the effective depth of the beam. Both corroded and noncorroded beams were tested up to failure, applying two symmetrical concentrated loads at 800 mm from the supports. All reinforcements were corroded: longitudinal bottom (tensile) and top (compressive) rebars, and also stirrups (Figure 2(a) ).
As shown in Table 1 , where the main results are summarized both in terms of service/ultimate load and average attack penetration of reinforcement, the rebar cross section decreased, and the concrete cracking (w) produced by corrosion at top and bottom rebars and also stirrups can justify the observed behavior. Most of the specimens reach the failure by concrete crushing, and in some cases, the yield stress of bottom rebars was not reached due to the deterioration of compressive face of the beam caused by corrosion of top rebars. Moreover, the corrosion of stirrups led to shear failure for beam 315 and to shear-flexure crisis for beam 316 [6] .
El Maaddawy et al.
An experimental study was carried out by El Maaddawy et al. [7] to investigate the combined effect of corrosion and sustained loads on the structural performance of RC beams.
ey tested nine beams, having size 152 × 254 × 3200 mm. One beam was tested as a sound whereas eight beams (CN and CS) were exposed to accelerated corrosion for up to 310 days using an impressed current technique.
Moreover, four of the nine beams were corroded under a sustained load equal to approximately 60% of the yield load of the virgin beam (CS specimens).
e exural reinforcement of specimens consisted of two number 15 deformed steel rebars for tensile and 2ϕ8 mm for compressive.
e transversal reinforcement consisted of stirrups ϕ8/80 mm with a 25 mm clear cover (c) in the shear span and ϕ8/333 mm in the constant bending moment region of the beam (Figure 2(b) ).
In this campaign, the corrosion was concentrated to tensile steel rebars placed in the middle of the specimen. However, the induced current was uniformly applied to the steel rebars, but only in the central part of the beam. e formation of pitting corrosion on the surface of the steel bars for both loaded and unloaded specimens was observed [7] . Table 2 summarizes the main results of tests, both in terms of yield/ultimate capacity and average attack penetration of tensile reinforcement. Test results of the CN specimens showed that corrosion of the steel rebar had almost no e ect on the yield capacity. By contrast, the beams loaded during corrosion exposure (CS) slightly increased the reductions in the yield load and in the ultimate, respectively [7] . [8] presented an experimental work to investigate the influence of chloride corrosion of the rebars on the residual structural performance of RC beams. A mechanical experiment was conducted with a three-point loading system on three uncorroded and four corroded beams that were exposed to a chloride environment for 14, 23, 26, and 28 years. e specimens were cast with dimensions 150 × 280 × 3000 mm and longitudinal reinforced with 2ϕ12 for tensile and 2ϕ6 for compressive. e shear reinforcement was provided with stirrups ϕ6/220 mm (Figure 2(c) ).
Zhu and François. Zhu and François
e specimens reached the failure with the yielding of tensile rebars or premature crushing of concrete in compression. In detail, the beam B2Cl3 failed with considerable spalling and even delamination of the concrete cover at the tensile section in the middle of the specimen [8] . Table 3 summarizes the main results of tests, both in terms of yield/ultimate capacity and average attack penetration of tensile reinforcement. e average value of yield strength of the corroded rebars from the two specimens B2Cl2 and B2Cl3 was almost the same, which meant that the duration of corrosion had almost no impact on the yield strength of the corroded rebars. A similar result was observed also for the average value of ultimate strength [8] .
PC Corroded Specimens
Youn and Kim.
In the experimental study carried out by Youn and Kim [14] , five beams (3700 mm span and 150 × 300 mm cross section) were cast and four D13 ordinary rebars (two at the top and two at the bottom of the beam cross section) with 30 mm cover were used. Four members were post-tensioned with one seven-wire strand (ϕ � 12.7 mm) at a distance of 95 mm from the bottom of the beam and bonded with grout, while one was a RC beam without a strand (C1). e compressive concrete strength was f cm � 31 MPa; the yield strength of ordinary rebar was f ym � 400 MPa; and the mechanical properties of strand were f yp � 1559 MPa and f up � 1834 MPa, respectively. e specimens were loaded with four points scheme test, adopting a shear span a � 1350 mm (Figure 2(d) ). During the load tests, the acoustic emission technique was used to detect other wire failures [14] . e authors analyzed two different factors: the prestressing force level and the loss of strand area resulting from artificial corrosion. To perform artificial corrosion in two of the beams, the tendon already tensioned and bonded with grout in the ducts was exposed in the midspan cross section by drilling a 25 mm hole in the hardened concrete. ree wires were exposed for beam PC2 and two wires for beam PC3 (Table 4) . More details about the tests can be found in [14, 28] .
Numerical Application
e analytical proposed procedure was used to perform some numerical analysis by means of an algorithm implemented using the Mathematica framework [29] . Firstly, a value of the axial force N E � 0 is chosen in (3.1), the corresponding value of the flexural resistance in the absence of simultaneous shear action M fl is evaluated assuming V R � 0 by an optimization procedure that maximizes M E , according to (4) . en, once a value of flexural M E is chosen in the range [0-M fl ], the shear strength is assumed as objective function to be maximized. Moreover, the concrete strength for uniaxial longitudinal stresses f cd1 was evaluated neglecting the safety coefficient (f cd1 � f cm ), while for stresses in presence of transverse load, the concrete strength f cd2 was calculated as proposed by the Italian code [26] , assuming an effectiveness shear factor equal to 1/2 (f cd2 � 0.5f cm ).
Rodriguez et al.
e modeling of specimens tested by Rodriguez et al. [6] has taken into account the reduction of the material strength, as described in the previous section, and also of the rebar cross section of longitudinal and transversal reinforcement. Moreover, the authors provided the average and the maximum (pitting) attack penetration.
erefore, the residual rebar diameter (ϕ r ) was estimated considering both the average value (μ) of attack penetration and also a greater value as function of pitting using the scatter (σ). e following equation was adopted to estimate the diameter of corroded rebar:
where α is a coefficient which depends on the type of the attack and k is a coefficient ranging between 0 and 0.25. e interaction diagrams M-V for all specimens tested by Rodriguez et al. [6] are shown in Figure 3 . Figure 3(a) shows that the proposed model is able to reproduce the experimental behavior of the noncorroded specimens (311 and 312). However, it should be noted that the analytical prediction is strongly influenced by the k coefficient assumed. In most of cases, the intermediate value k � 0.15 allows to obtain the best prediction, except for specimen 313 where k � 0.25 is needed (Figure 3(b) ). In all cases, the model was able to reproduce the interaction between shear and bending moment. e continuous gray line represents the linear relationship between the bending moment M and shear V for each test.
El Maaddawy et al.
e experimental response of specimens tested by El Maaddawy et al. [7] was reproduced with the proposed analytical procedure. In this case, the tensile steel rebars were grade 60, having yield (f ym ) and ultimate (f um ) strengths of 450 MPa and 585 MPa, respectively. erefore, two numerical analyses for each specimen were performed, assuming as plastic limit of tensile steel stress the yield and the ultimate strength, respectively. e interaction diagrams M-V for all specimens tested by El Maaddawy et al. [7] are shown in Figures 4 and 5 .
For most of the specimens, the best analytical prediction was an intermediate value between the two curves obtained. e mechanical characteristics of tensile steel rebar, specially its hardening behavior, as expected influenced the ultimate capacity of the specimen. Despite the high level of corrosion, the CN310 specimen showed a ultimate load value higher than the recorded value of CN210 beam and comparable with the result of CN110 beam.
It sounds unusual by a physical point of view and, as a consequence, the model predicted very conservative strength value with respect to the experimental result.
Zhu and François.
As for the specimens tested by El Maaddawy et al. [7] , the difference between the yield and ultimate value of tensile strength of steel rebar used by Zhu and François [8] in their beams was remarkable. In detail, the yield strength and the ultimate strength of steel were 560 MPa and 620 MPa, respectively. Moreover, the authors estimated the average yield strength of tensile rebar by a statistical analysis, using a normal distribution.
erefore, also for this group of tests, two numerical analyses for each specimen were performed, assuming as plastic limit of tensile steel stress the yield (f ym ) and the ultimate strength (f um ), respectively. e interaction diagrams M-V for all specimens tested by Zhu and François [8] are shown in Figure 6 .
Apart from the noncorroded beams (B1T), also for this group of specimens, the proposed model was able to reproduce their ultimate behavior using an intermediate value for the plastic limit of tensile steel between the yield and the ultimate strength.
e correct estimation of steel rebar strength at failure influenced the analytical prediction of the specimen load.
Youn and Kim.
e M-V curve domains obtained by the proposed model for the specimens tested by Youn and Kim [14] are shown in Figure 7 .
e numerical results were conservative with respect to the experimental ones. It was probably due to the uneasy estimate of the strand stress at the time of the beam failure.
is stress value was influenced by several variables, such as the loss of bond between strand and concrete due to corrosion. is remains a critical issue for corroded PC beams [30] .
However, the proposed model provided a safe prediction of the load bearing capacity for both corroded and uncorroded beams. Moreover, the interaction diagrams M-V provided by the analytical model showed the overall response behavior of the PC beams, considering the influence of axial force due to prestressing and the effects of corrosion. 
Conclusions
In this work, a theoretical model based on equilibrium and ultimate strength theory for the analysis of corroded structure was employed.
e numerical formulation was able to take into account the interaction between shear and bending moment acting in the same cross section of RC and PC elements. e e ects of the reduction of bearing capacity of concrete in compression and the reduction of steel rebar area together with the modi cation of the strength value for steel and concrete due to the corrosion were introduced. ey were based on some linear degrading expressions suggested in the available literature. e e ect of corrosion is generally evaluated on statically determinate structure. In Fernandez et al.'s study [31] , an experimental campaign on statically indeterminate structures in presence of corrosion of longitudinal reinforcement is reported. A valuable result is shown revealing a redistribution of actions in presence of corrosion and permanent loads. erefore actual structural performance in presence of corrosion should be referred to the resources hidden into the static scheme when redundancy of constrains is present as for framed structures.
e numerical results showed a good agreement with the experimental data taken from reliable experiences reported in the literature. From the results of the simulations of RC elements with ordinary steel, it was evident how the scatter, related to the global e ect of corrosion on the structural capacity, increased with corrosion. is was clear from the comparison between experimental and analytical outcomes of Rodriguez et al. [6] where a di erent k coe cient is suggested through the tests. Some di erences were registered in few cases, especially for PC beams. ey could be addressed to an even higher scatter of the phenomena of corrosion and to the di culty in the estimation of the strand stress at failure. e proposed model was able to provide the M-V interaction diagrams for each specimen, highlighting how the strength domain changed along the axis of the beam. e in uence of corrosion e ects and axial force (for PC beams) was also recognized. e model will be tested on a larger database when available in order to strengthen its reliability and improve its robustness on a scattered phenomenon like corrosion. Furthermore, it should be improved in order to take into account other e ects of corrosion as the bond loss between steel and concrete.
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